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In this report we try to find how Bell polynomials can
be used to solve the problems in the probability distribu-
tion theory. A main problem is the analysis of compound
distributions and related random partitions of integer.

1 Introduction and preliminaries

Bell polynomials (in relation with statistics).

1. compound distributions
2. random partition of integer (frequency of frequencies)

3. Generalized Stirling numbers (specific subgroup of Bell poly-
nomials)

4. moments/cumulants relationship

5. Lagrangian probability distributions

A unified way for using computer algebra systems (Wolfram Math-
ematica)

Compound distributions: A typical model for cluster samples.

Z ~ h(k), Gp(w) =Y " h(k)yw*, Y ~ g(k),Gy(w), k€N,

0<k
Zy, Ly, ... 14.d., Y independent
X=Zi+-+2y



“compound X by compounding Y of the compouded Z”
Gurland’s notation

X=Y\/Z (o0 f=g\/h) Grw)=GCyGp(w))
10 =55 (55 ) Gstw

pp) = E((X)r) = (%)kGf(w)

, keN, f(0)=g(0).

) ke N7 Hflo]=1,

w=1

Gf(w+1): “exponential generating function”, factorial moment g.f.
Gy(w): “ordinary generating function”, probability g.f.

Weights in generating function.

Generating function G(w; (¢), (wx)) of (¢x), k € N, with “weight”
(wi), k € No:

G(w; ¢,w) =Y e,

0<k
“ordinary type, "wy = 1, “exponential type, "wy = 1/k!.

O-truncation of X ~ p,: X" := X|(X > 0)

0 ifk=0 1
X0~ = -G ; r ) = G ; ) - .
ok {pk/(l —po) if k>0, (ws (ph), @) = 3= AG (Wi (pr), ) = po)

ith . -1
O-inflation of X ~ py @ X* = 0 Withprob. ¢ P,
X with prob. p.

if k=0
X"~ ppp = 4 poo, T G(w; (pr), w) = pG(w; (pr), w) + q.
PPk, if & > 07



Ordinary and exponential generating function.

(¢r) == (Pr)nzo, (W) = (¥r)y=os

ordinary generating fuction, formal exponential generating fuction), formal
power series. Taylor series

oo

Golw; (1)) 1= 3 drw® = Ge(w; (M), Gelws (6) 1= 3 = drw® = Golw; (gr/kD),

k=0 k=0 k!
¢ = [W"H{Go(w; (¢x))} o = Kw*{Ge(w; (¢x))}
1 d \* d\F*
-5 (55) Gotwiton () Getws(on)
w=0 w=0
convolution multinomial convolution

Go(w; (1)) Go(w; (Yr)) = Go(w; (¢ % )k ), Ge(w; (dr))Ge(w; (Pr)) = Ge(w; (¢ 0 P)r),

(PP =D brton 1, (poY)k =Z(k)¢wm7
=0 =0
(bn* _ ¢(n—1)* x ¢, mE Nv(bl* = . (bno _ (b(n—l)o op, n €N, (;510 = ¢.

2 Faa di Bruno formula and Bell polynomials

Faa di Bruno formula
for the differentiation of a composite function.

g:heC*, f(x)=(goh)(x) = g(h(z)),
ho = h(a), go = g(b) = g(h(a)) = fo,
dF d* d*

Ik = d—ykg(y”y:b, hy, = @h(fﬂx:aa Ik = @ﬂx)lw:‘“

= gnBumlhn, o hymin), n> 0, fo= f(a) = g(h(a)).
m=1

m=1

B..m(h): “Bell polynomials”
Faa di Bruno formula: D as a ball.
Ft) =g(n(1)), g® =g"(n(1))
FO ZgOpM
£ —g@ (02 4
F® —g® (MY 1 3@ (BM2C) 4 o)
FO —g@ ROV 4 6@ (DR
+gP(4hWpB) 4 3(h@)?2) 4 gWp®

gMh?



g () 4hWRG) £ 3(h2)2 4=143=2+2
(D1 h)(DyD3sDy h) + (Dy h)(DyDsDy h) + (D3 h)(DyDyDy h)
+(Dy h)(D1DyDs h)
+(DyDy h)(D3sDy h) 4 (DyDs h)(DyDy h) 4 (Dy Dy h)(DyDs h).

Faa di Bruno formula: set partition form.

n * n n

£ =3 g SO B By Y sy = Y sy =
m=1

m=1 m=1

derivatives h/: distinguishable, operator D’s: indistinguishable,
W. C. Yang (2000) “Derivatives are essentially integer parti-
tions”, Discrete Mathematics.
Extensions: multi-composition, multi-variable and both.

(exponential partial) Bell polynomials. Definition

A sequence of ‘variables’ (¢x)72,, ¢o = 0, the exponential g.f. ¢(¢)
(partial) Bell polynomials, By, ., (¢), ¢ = ¢(t) or (¢m)2_:

O(t,u) = exp(ug(t)) =1+ — Bum(9).

1

“total Bell polynomials”, Y,,(¢),

B(1,1) = exp(6(1)) = 1+ 3 Va1, 00)
n>1 ’

Ya(@) =Y Bum(@), Yo(¢):=1,

m=1

Bell polynomials, more explicitly.

Pom ={s=(s1,...,5,) € N[ : Z Jsj =mn; Z s; =m}

n=j=1 n=j=1

P, = U Pr.m-

n>m>1



Bn,m(¢) - Bn,m(¢17 R ¢n—m+1) - Z Tr(”’ 8) H ij]
j=1

Sepn,m
n!

[Tj=i st (G

Bell polynomials, some properties.

s=(81,...,8,) € Pn, w(n,s)=

1. Bell polynomials satisfy the recurrence equation,

n—1

-5 3 (ot vzm

BO,O(¢> 1’ Bn 0( ) - BOW( ) - O’ if (nvm) 7é (070)7
B, 1( ) Pns n,n(¢> = ¢7f

2. B, is a polynomial of order m, of ¢1,. .., ¢p_ms+1 With pos-
itive integer coefficients.

3. Bum((1%) = Xeep,,, m(n:5) = {Z}

Bn,m(ab¢17 ab2¢27 ceey abn¢n> - amann,m(¢17 ¢27 I ¢n)
with g.f. exp(aup(bt)).

5. Combinatorial meaning of 7(n,s): Put n indistinguishable
balls into m distinguishable urns without empty urn, so that
the number of urns with j balls is s;,1 < j < n, (Z] s; =
m, »_;js; =n). The number of possible arrangements of balls
is m(n,s),s € Pum

General compoud distributions

Compound distributions in general.

Gf(w):G (Gr(w ))n Jo=90, ho =0
1

1<m<r
pi) = Bal(g)s (nis)) = D b B (ia1)-
1<m<r



For compound Poisson, since k!g, = e~ is independent of k

6_)\ |

" 1<m<n

-
e
Pl =~ > Bum((iaw)-

T1<m<r

Incidentally,
m!
P{Zi+ -+ Zy =n} = —Bum((klhi)), if ho = 0.
n!

Random partition of integer.

X = Y\/Z, (or f= g\/h) Gy(w) = Gy(Gp(w)),

In compoud Poisson distributions, if Y and/or Z = (73, ..., Z,) are
observable,

A'Bay(9) _ Bay(Ae)
Y.(A0)  Y.(\p)’

PAS =s|X =2.Y =y} = g—sn(e.s) [] 67
,y j=1

P{Y =y|X =2z} =

5€ Ppy, 1 <y<u,
S=(S1,...,8x), 8= > IZ=j, X>j>1

Y>i>1

P{S = s|X = 2} is a random partition of =, and f{Y=y—X=x}
is the number of cluster (species) given total number of individuals.
In general compound distributions,

9yBay (i)
B.((Klgr), (k'hy))’

1 no
——7(x, ) hy, s€Pyy.
chvy((hk)) jl_[l ’ !

P{Y =y|X =2} =

P{S=s|X=uzY =y} =

4 Typical compounding distributions

Compound logarithmic series and compound binomial.



1. Compound logarithmic series distributions
Gy(w) =log(l —&w)/log(1 — &), £ € (0,1),
1
= ———B,(((k— 1)),
o = =g Bl (k= 1€, 0
1

k=1
“logaritmic Bell polynomials” for a specific value (§ = —1) :

[w*t"{log(1 + ue(t))} = Z (k —1)1B,, ()
= B, (=D ' (k - 1>!>, ) = Ln(9).

2. Compound binomial distributions

Gy(w) = (1 =&+ &w)™, € (0,1),

fo=(1-¢)"B, <<<m>k (%_Jg) | ¢>

min(n,m) 5 k
~om 3 (15 ) Burto)

k=1
0<j<k

“potential Bell polynomials”: 2™ times of specific value (§ =

1/2):
[t { (1 + o)™} = (M) Bk () = Bu(((m)x), ¢)-

i
I

An application of compound binomial: Convolution.

Convolution of nonnegative integer value disributions.

7 =(Zy,..., Zp) iid,

P{Zz:k}:pka ke-/\[oa GZ sz )

X=Bn(m1-p)\/Z|(Z>0) X~Zi++Zn.
P{X =n} = [w"{(Gz(w))"}

_)rg, n=0
LS (o B (Llpr, 21pa, .., n > 0.



5 Compound Poisson distributions

Compound Poisson: compounding truncated distributions.

nonnegative integer valued H :(hy)p=o,
O-truncated distributions TH :hj = hy/(1 — ho), k > 0, hy = 0,

Po (A)\/H =Po (1-hg)A)\/TH = Po(A\)\/TH =Po (A/(1—h)\/H.

Compound Poisson: negative binomial distributions.

NgBn (1 (A)\/ LgSer (p), n>0,0<p<L
)\
= A=—nlog(l—p), e =(1—-p)".
"= o1 = ) nlog(1l —p) (1-p)
Po (A) : exp(A(v —1)),

LgSer (p) : v = log(1 — pw)/log(1 — p),

1—pw 1—pw) "
NgBn (n,p) : eXP( nlog ) = ( ) :
1—p 1—p

E—1)!
Gk = klhy = mpk = (k- 1)!Pkﬁ

A" By ((61)) = 00" Brm (((k = 1)1)) = n™p" LZJ ’
ol = 1w
nl

(1—p)"p".

S A Bul(éh) =

T 1<m<n

Z; ~ LgSer (p) iid. T, =Z1+ -+ Zp,

PUT =) = =g ] 7270 <7

LZL] unsigned Stirling of the first kind:

(@ == > lf;]xm 1<m<n,

1<m<n

Compound Poisson: Neyman Type A.



Po (Mo =X\/(1—e)\/Po(r), Po(\)\/TPo(v), Po (yj)/\Po (Xo),
TPo (1) : % NeymanA (Ao, ») : exp(do(exp(v(w — 1)) — 1)).
I/k

1/_1’

(&
)\m( —V)m
(e =1

e U SN (Ao V) e N = . _
fn = n! Z - ) = Z{k}(/\oe o neNy, fo=e
‘ k=1

BEXY) =Y {]:})\’“ r € Np.
k=1

Compound Poisson: Thomas.

VnBﬂm((D) = (Aoey)mVan,m((D)

X ~ Po (A) \/ShiftedPo (v), Z ~ ShiftedPo (v) & Z =1+ 2", Z* ~ Po (v).
Po (A, v) : exp(Mwexp(v(w — 1)) — 1)) = exp(Awexp(rvw — (1 +v))),
bp = Khy = kvF e ™ X" B ((or) = X" Fe B, ((k)),
e*)\yn - n n—~k —v\k
fo=—> (k) (k)" (Ae ™)k,

k=1

B,x((k)) = (Z) k"% 0<k<n, idempotent numbers
Compound Poisson: cumulants.
negative binomialNgBn (a, h),h = p/(1 — p), p: failure probability,

wr=a) {2} (k — 1)K,

k=

Neyman type ANeyA (A, v),

ThomasThomas (A, v),

©



Some Bell polynomials.

Boe((k—1)) = Z} , unsigned Stirling numberof the first kind,
B, ((1%) = Z} ., Stirling numberof the second kind,
B,i((k)) = Z) k"% idempotent number,
B, x((k!)) = n-Lynt Lah number
PRk = 1) kD ’
n m n—m.,,m
RO S i i
0<k<m<n m
nlm
Bl - D= Y|
0<k<m<n m k

6 Typical compounded distributions

Compounded Engen distributions.

negative binomial NgBn (p,a),0 < p < 1,0 < a, p: failure proba-
bility.

zero-truncated TNgBn (p,a),0 <p < 1,0 < q,

extended zero-truncated TNgBn (p,a),—1 <p<0,0<a

1 (11—29)“ ((11—_p]z0)a -4 _p)a) - ((11_—]927;;)?—_11'

7 Moments and cumulants

Moments and cumulants. ex-log relation.

moments around the origin(raw moments) ()2,
cumulans (k,)%2; m.g.f. and c.g.f.

alt) =1+ Zartr/r!, k(t) = Zﬁrtr/r!, k(t) = In(a(t))

a(t) = exp(k(t)) is a total Bell polynomial,

a, = Zank(li) =Y,(k), neN
k=1

10



Conversely, since x(t) = log a(t) = log(1+(a(t)—1)) is a logarithmic
type Bell polynomial,

n

ko= (1) (k= 1)IB,k(a) =L,(a), neN.
k=1

This relationship holds between factorial moments and factorial cu-
mulants (f.m.g.f. and f.c.g.f.)

Cumulants of compoud distributions.

X=7Z+ --+27y Gf(w) = Gg(Gh(w))’

Among cumulants K¢, kg, and K.

Kfr = Z KgkBnk(kn),  Kn = (Kn1,Kn2, .- ). (1)

This relationship holds among factorial cumulants kg, £y, and
Kh[r]-

8 Generalized Stirling numbers

Generalized Stirling numbers. Definition.

(Hsu and Shiue, 1998) Generalized Stirling numbers S, ,,, for vari-
ables «, 3, r:

(t — rla), = ank )08 U= [ (¢~ G- 18
k>j>1
Snm(a, B,7) the first kind S, x(5, o, —r) the second kind

n-l—l k( 57 ) (kﬁ — o — T) nk( 57 )+ Sn,k—l(a7ﬁar)7
0<k<n+1; Syola,p,r)=1;
Snr(a,B,r) =0, wunless ke {0,1,...,n}.

Generalized Stirling numbers. An explicit expression.

Swasn = ¥ (L earmenmi

0<k<i<m<n

() () ()

11



Generalized Stirling numbers and Bell polynomials.

Proposition Generalized Stirling numbers form a specific subgroup
of Bell polynomials.

Table 1: p.g.f. generating S, (@, 3,0) = Spm (8, @, 0) by Compound Poisson

B(t) b,k €N (. ) p.g.f. #(01)/¢(0)

el — 1, 1, (1,0), TPo (0),0< 6, 6 =1.

—log(1l —t), (k— 1), (—=1,0), LgSer (), 0< 6 <1,60=1.
1+t)™—=1, (m)g,meN, B/a=m, TBn (m,0/(1—-0),0<6,0=1/2.
1—-t) " =1 (rl =1k, 0<r, Bla=—-r, a<0<p TNgBn (r,0), 0 < 0 <1,
1—(1—t)", —(—r| =1, 0<r <1l Bla=r 0<8<a ETNgBn (r,60), 0 < 6 < 1;0 =1, Shy (r)

9 Lagrangian probability distributions
Lagrangian probability distributions.

Compound Poisson distributions: “stopped sum”,

instance of Y(t), Poisson process, (pure birth processes)
Lagrangian probability distributions: size of nodes

at the distinction time of a branching process (birth and death pro-
cesses)

Number of nodes at the n-th generation: Y,,, G, (w)

Number of branches at each node: Z with p.g.f. Gz(w), Gz(0) >
0,4.7.d.

? pgf R(w)of X =37 Y,

E(Z) <1 <= X: proper distribution and F(X) < oo.

If P{Yo =1} =1,

R(w) = wGz(R(w)) < R(w) = (w/Gz(w))”
X —1~L(G)(w) :=w 'R(w) = w (w/Gz(w))™

Further if Y{ is random with p.g.f. Gy (w), p.g.f. of X:
L(Gz; Gy)(w) = Gy (R(w)) = Gy ((w/Gz(w))7).
Bell polynomial of the inverse of p.g.f.

Let a p.g.f. and its inverse be denoted by

12



Then,

N e 0 AN
EHG(67) ) = ~[ M4 (22
If k=1, using 01 =101 =0,k > 1,
5 n—1
" Golt; 07} = (= 1)F 67" Bryro1a((1 = 01)n)).
k=1

Future works.

comparison between compound distributions
asymptotic theory

“discrete stable distributions”

semi parametric models

software development

other stocastic mechanisms

extensions to multivariate distributions, and to multiple com-
position
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Table 2: Kerov’s argument, X =Y \/ Z.

Z

Y

p2 specification

X

Kolchin model

ETNgBn(p1, —r1),
r1 > 0,

NgBn(ps2,r2),72 > 0
TNgBn(ps2,r2),r2 > 0,

p2=1—(1—-p1)~ "
~do -

NgBn(pi,rirs)
TNgBn(pi,rir2)

0<a<1,0>0
0<a<1,0>0

ETNgBn(ps2, —7r2), - do - ETNgBn(p1, 0<a<l,

ro > 0, —rira) —a<0<0

LgSer(p2) ps = p1,VYr1 > 0, LgSer(p1) 0<a<1l,6=0
Sby(ri),r1 >0 Sby(r2), 72 > 0, no specification Sby(rira) a=1,-a<60<0
LgSer(p) Po(\) A= —rlog(l —p) NgBn(p, r) a=0,0>0
TPo(\) Bn(ma, p2) po=1—e" Po(Am2) occupancy
TNgBn(pi, —r1) Bn(ms, p2) po=1—(1—py) "1 NgBn(ma, p1) 0/a=—1,-2,...
TBn(p1,m1) Bn(ms, p2) p2=1—(1—p)™ Bn(mima, p1) MvHg

Table 3: Partitions, Bell monomials, Stirling numbers of the 2nd kind, and Bell

numbers.
n k| s S S3 S84 S5 | monomials Bn,k(qﬁ) {Z} By,
1 1] 1 1 ¢ b1 1 1
2 1] 0 1 1 ¢ o2 1
2012 o0 1 ¢? ? 1 2
3 110 0 1 1 3 ¢3 1
211 1 0 3 ¢162 3162 3
313 0 o0 1 ¢ ? L5
4 110 0 0 1 1 ¢ o 1
211 0 1 0 4 o193
210 2 0 o0 3 @2 A1z + 303 7
312 1 0 0 6 Pigo 6o 6
4014 0 0 0 1 ¢f o1 115
5 1/0 0 0 0 1| 1 ¢ ¢ 1
211 0 0 1 0 5 P104
200 1 1 0 01]10 ¢opds 5odrds + 100203 15
312 0 1 0 0110 ¢2¢3
311 2 0 0 0|15 ¢1¢2  10¢2¢s + 156162 25
403 1 0 0 0|10 ¢3¢ 10636, 10
5/!5 0 0 0 0] 1 ¢ 3 1 52
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