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In this report we try to find how Bell polynomials can
be used to solve the problems in the probability distribu-
tion theory. A main problem is the analysis of compound
distributions and related random partitions of integer.

1 Introduction and preliminaries

Bell polynomials (in relation with statistics).

1. compound distributions

2. random partition of integer (frequency of frequencies)

3. Generalized Stirling numbers (specific subgroup of Bell poly-
nomials)

4. moments/cumulants relationship

5. Lagrangian probability distributions

A unified way for using computer algebra systems (Wolfram Math-
ematica)

Compound distributions: A typical model for cluster samples.

Z ∼ h(k), Gh(w) =
∑
0≤k

h(k)wk, Y ∼ g(k), Gg(w), k ∈ N0,

Z1, Z2, . . . : i.i.d., Y independent

X = Z1 + · · · + ZY
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“compound X by compounding Y of the compouded Z”
Gurland’s notation

X = Y
∨

Z, (or f = g
∨

h) Gf(w) = Gg(Gh(w)),

f(k) =
1

k!

(
d

dw

)k

Gf(w)

∣∣∣∣∣
w=0

, k ∈ N, f(0) = g(0).

µf [k] =: E((X)k) =

(
d

dw

)k

Gf (w)

∣∣∣∣∣
w=1

, k ∈ N, µf [0]=1,

Gf(w+1): “exponential generating function”, factorial moment g.f.
Gf(w): “ordinary generating function”, probability g.f.

Weights in generating function.

Generating function G(w; (φk), (ωk)) of (φk), k ∈ N0, with “weight”
(ωk), k ∈ N0:

G(w; φ, ω) :=
∑
0≤k

φkωkw
k,

“ordinary type, ”ωk = 1, “exponential type, ”ωk = 1/k!.

0-truncation of X ∼ ρk : X∗ := X|(X > 0)

X∗ ∼ ρ∗
k =

{
0 if k = 0,

ρk/(1 − ρ0) if k > 0,
G(w; (ρ∗

k), ω) =
1

1 − ρ0

(G(w; (ρk), ω) − ρ0).

0-inflation of X ∼ ρk : X∗ =

{
0 with prob. q = 1 − p,

X with prob. p.

X∗ ∼ pρ∗
k =

{
q + pρ0, if k = 0,

pρk, if k > 0,
G(w; (ρ∗

k), ω) = pG(w; (ρk), ω) + q.
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Ordinary and exponential generating function.

(φk) := (φk)∞k=0, (ψk) := (ψk)∞k=0,

ordinary generating fuction, formal
power series.

Go(w; (φk)) :=

∞�
k=0

φkw
k = Ge(w; (k!φk)),

φk = [wk]{Go(w; (φk))}

=
1

k!

�
d

dw

�k

Go(w; (φk)

�����
w=0

convolution

Go(w; (φk))Go(w; (ψk)) = Go(w; (φ ∗ ψ)k),

(φ ∗ ψ)k =

k�
l=0

φlψk−l,

φn∗ = φ(n−1)∗ ∗ φ, n ∈ N, φ1∗ := φ.

exponential generating fuction), formal
Taylor series

Ge(w; (φk)) :=

∞�
k=0

1

k!
φkw

k
= Go(w; (φk/k!)),

φk = k![wk]{Ge(w; (φk))}

=

�
d

dw

�k

Ge(w; (φk)

�����
w=0

multinomial convolution

Ge(w; (φk))Ge(w; (ψk)) = Ge(w; (φ ◦ ψ)k),

(φ ◦ ψ)k =
k�

l=0

� l
k

�
φlψk−l,

φ
n◦

= φ
(n−1)◦ ◦ φ, n ∈ N, φ

1◦
:= φ.

2 Faà di Bruno formula and Bell polynomials

Faà di Bruno formula
for the differentiation of a composite function.

g, h ∈ C∞, f(x) = (g ◦ h)(x) = g(h(x)),

h0 = h(a), g0 = g(b) = g(h(a)) = f0,

gk =
dk

dyk
g(y)|y=b, hk =

dk

dxk
h(x)|x=a, fk =

dk

dxk
f(x)|x=a,

fn =
n∑

m=1

gmBn,m(h1, . . . , hn−m+1), n > 0, f0 = f(a) = g(h(a)).

Bn(g; h) :=
n∑

m=1

gm Bn,m(h), g = (gm), h = (hm), n ∈ N .

Bn,m(h): “Bell polynomials”

Faà di Bruno formula: D as a ball.

f(t) =g(h(t)), g(k) = g(k)(h(t))

f (1) =g(1)h(1)

f (2) =g(2)(h(1))2 + g(1)h(2)

f (3) =g(3)(h(1))3 + 3g(2)(h(1))2h(2) + g(1)h(3)

f (4) =g(4)(h(1))4 + 6g(3)(h(1))h(2) +

+g(2)(4h(1)h(3) + 3(h(2))2) + g(1)h(4)
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g(2)(·) 4h(1)h(3) + 3(h(2))2: 4=1+3=2+2

(D1 h)(D2D3D4 h) + (D2 h)(D1D3D4 h) + (D3 h)(D1D2D4 h)

+(D4 h)(D1D2D3 h)

+(D1D2 h)(D3D4 h) + (D1D3 h)(D2D4 h) + (D1D4 h)(D2D3 h).

Faà di Bruno formula: set partition form.

f (n) =
n∑

m=1

g(m)
∗∑

(h(1))s1(h(2))s2 · · · (h(m))sm,
n∑

m=1

jsj = n,
n∑

m=1

sj = m.

derivatives hj: distinguishable, operator D’s: indistinguishable,
W. C. Yang (2000) “Derivatives are essentially integer parti-

tions”, Discrete Mathematics.
Extensions: multi-composition, multi-variable and both.

(exponential partial) Bell polynomials. Definition

A sequence of ‘variables’ (φk)
∞
k=0, φ0 = 0, the exponential g.f. φ(t)

(partial) Bell polynomials, Bn,m(φ), φ = φ(t) or (φm)∞m=0:

Φ(t, u) := exp(uφ(t)) = 1 +
∑

n≥m≥1

umtn

n!
Bn,m(φ).

1

n!
Bn,m(φ) = [tnum]{exp(uφ(t))} = [tn]

{
1

m!

(∑
k≥1

φk
tk

k!

)m}
.

“total Bell polynomials”, Yn(φ),

Φ(t, 1) = exp(φ(t)) = 1 +
∑
n≥1

Yn(φ1, . . . , φn)
tn

n!
,

Yn(φ) =

n∑
m=1

Bn,m(φ), Y0(φ) := 1,

Bell polynomials, more explicitly.

Pn,m := {s = (s1, . . . , sn) ∈ N
n
0 :

∑
n≥j≥1

jsj = n;
∑

n≥j≥1

sj = m}

Pn :=
⋃

n≥m≥1

Pn,m.
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Bn,m(φ) = Bn,m(φ1, . . . , φn−m+1) =
∑

s∈Pn,m

π(n, s)
n∏

j=1

φ
sj

j .

s = (s1, . . . , sn) ∈ Pn, π(n, s) =
n!∏n

j=1 sj ! (j!)sj

Bell polynomials, some properties.

1. Bell polynomials satisfy the recurrence equation,

Bn,m(φ) =
1

m

n−1∑
j=m−1

(
n

j

)
φn−jBj,m−1(φ), 0 ≤ m ≤ n,

B0,0(φ) = 1, Bn,0(φ) = B0,m(φ) = 0, if (n, m) �= (0, 0),

Bn,1(φ) = φn, Bn,n(φ) = φn
1 .

2. Bn,m is a polynomial of order m, of φ1, . . . , φn−m+1 with pos-
itive integer coefficients.

3. Bn,m((1k)) =
∑

s∈Pn,m
π(n, s) =

{
n
m

}

4.

Bn,m(abφ1, ab2φ2, . . . , abnφn) = ambnBn,m(φ1, φ2, . . . , φn).

with g.f. exp(auφ(bt)).

5. Combinatorial meaning of π(n, s): Put n indistinguishable
balls into m distinguishable urns without empty urn, so that
the number of urns with j balls is sj , 1 ≤ j ≤ n, (

∑
j sj =

m,
∑

j jsj = n). The number of possible arrangements of balls

is π(n, s), s ∈ Pn,m

3 General compoud distributions

Compound distributions in general.

Gf(w) = Gg(Gh(w)), , f0 = g0, h0 = 0

fn =
1

n!
Bn((k!gk), (k!hk)) =

1

n!

∑
1≤m≤r

m!gmBn,m((k!hk)), k ∈ N,

µf [r] = Bn((µg[k]), (µh[k])) =
∑

1≤m≤r

µg[m]Bn,m((µh[k])).
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For compound Poisson, since k!gk = e−λ is independent of k

fn =
e−λ

n!

∑
1≤m≤n

Bn,m((k!hk)),

µf [r] =
e−λ

n!

∑
1≤m≤r

Bn,m((µh[k])).

Incidentally,

P{Z1 + · · ·+ Zm = n} =
m!

n!
Bn,m((k!hk)), if h0 = 0.

Random partition of integer.

X = Y
∨

Z, (or f = g
∨

h) Gf(w) = Gg(Gh(w)),

In compoud Poisson distributions, if Y and/or Z = (Z1, . . . , Zy) are
observable,

P{Y = y|X = x} =
λyBx,y(φ)

Yx(λφ)
=

Bx,y(λφ)

Yx(λφ)
, φk = k!hk,

P{S = s|X = x, Y = y} =
1

Bx,y(φ)
π(x, s)

n∏
j=1

φ
sj

j ,

s ∈ Px,y, 1 ≤ y ≤ x,

S = (S1, . . . , SX), Sj :=
∑

Y ≥i≥1

I[Zi = j], X ≥ j ≥ 1.

P{S = s|X = x} is a random partition of x, and ¶{Y=y—X=x}
is the number of cluster (species) given total number of individuals.
In general compound distributions,

P{Y = y|X = x} =
gyBx,y((hk))

Bx((k!gk), (k!hk))
,

P{S = s|X = x, Y = y} =
1

Bx,y((hk))
π(x, s)

n∏
j=1

h
sj

j , s ∈ Px,y.

4 Typical compounding distributions

Compound logarithmic series and compound binomial.
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1. Compound logarithmic series distributions

Gg(w) = log(1 − ξw)/ log(1 − ξ), ξ ∈ (0, 1),

fn =
1

− log(1 − ξ)
Bn(((k − 1)!ξk), φ)

=
1

− log(1 − ξ)

n∑
k=1

(k − 1)!ξkBn,k(φ), φk = k!hk.

“logaritmic Bell polynomials” for a specific value (ξ = −1) :

[uktn]{log(1 + uφ(t))} =

n∑
k=1

(−1)k−1(k − 1)!Bn,k(φ)

= Bn(((−1)k−1(k − 1)!), φ) =: Ln(φ).

2. Compound binomial distributions

Gg(w) = (1 − ξ + ξw)m, ξ ∈ (0, 1),

fn = (1 − ξ)mBn

((
(m)k

(
ξ

1 − ξ

)k
)

, φ

)

= (1 − ξ)m

min(n,m)∑
k=1

(m)k

(
ξ

1 − ξ

)k

Bn,k(φ),

φk = k!hk, (m)k =
∏

0≤j<k

(m − j).

“potential Bell polynomials”: 2m times of specific value (ξ =
1/2):

[uktn]{(1 + φ(t))m} =

min(n,m)∑
k=1

(m)kBn,k(φ) = Bn(((m)k), φ).

An application of compound binomial: Convolution.

Convolution of nonnegative integer value disributions.
Z = (Z1, . . . , Zm) i.i.d.

P{Zi = k} = ρk, k ∈ N0, GZ(w) =
∞∑

z=0

ρzw
z,

X = Bn (m, 1 − ρ0)
∨

Z|(Z > 0) X ∼ Z1 + · · ·+ Zm.

P{X = n} = [wn]{(GZ(w))m}

=

{
ρm

0 , n = 0,
1
n!

∑min(n,m)
k=1 (m)kρ

m−k
0 Bn,k(1!ρ1, 2!ρ2, . . . ), n > 0.
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5 Compound Poisson distributions

Compound Poisson: compounding truncated distributions.

nonnegative integer valued H :(hk)k=0∞,

0-truncated distributions TH :h∗
k = hk/(1 − h0), k > 0, h∗

0 = 0,

Po (λ)
∨

H = Po ((1 − h0)λ)
∨

TH ⇐⇒ Po (λ)
∨

TH = Po (λ/(1 − h0))
∨

H .

Compound Poisson: negative binomial distributions.

NgBn (η, p) = Po (λ)
∨

LgSer (p), η > 0, 0 < p < 1.

η =
λ

− log(1 − p)
, λ = −η log(1 − p), e−λ = (1 − p)η.

Po (λ) : exp(λ(v − 1)),

LgSer (p) : v = log(1 − pw)/ log(1 − p),

NgBn (η, p) : exp

(
−η log

1 − pw

1 − p

)
=

(
1 − pw

1 − p

)−η

.

φk := k!hk =
(k − 1)!

− log(1 − p)
pk = (k − 1)!pk η

λ
,

λmBn,m((φk)) = ηmpnBn,m(((k − 1)!)) = ηmpn

[
n
m

]
.

fn =
e−λ

n!

∑
1≤m≤n

λmBn,m((φk)) =
(η| − 1)n

n!
(1 − p)ηpn.

Zi ∼ LgSer (p) i.i.d. Tm = Z1 + · · · + Zm,

P{Tm = n} =
m!

(− log(1 − p))m

[
n
m

]
pn, m ≤ n,

[
n
m

]
unsigned Stirling of the first kind:

(x| − 1)n =
∑

1≤m≤n

[
n
m

]
xm, 1 ≤ m ≤ n,

Compound Poisson: Neyman Type A.
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Po (λ0 = λ/(1 − e−ν))
∨

Po (ν), Po (λ)
∨

TPo (ν), Po (νj)
∧
j

Po (λ0),

TPo (ν) :
eνw − 1

eν − 1
, NeymanA (λ0, ν) : exp(λ0(exp(ν(w − 1)) − 1)).

φk := k!hk =
νk

eν − 1
,

λmBn,m((φk)) =
λm

0 (1 − e−ν)m

(eν − 1)m
νnBn,m((1)) = (λ0e

ν)mνnBn,m((1))

fn =
e−λ0νn

n!

∞∑
j=0

(λ0e
−ν)jjn

j!
=

e−λνn

n!

n∑
k=1

{
n

k

}
(λ0e

−ν)k, n ∈ N0, f0 = e−λ,

E(Xr) = νr
r∑

k=1

{
r

k

}
λk, r ∈ N0.

Compound Poisson: Thomas.

X ∼ Po (λ)
∨

ShiftedPo (ν), Z ∼ ShiftedPo (ν) ⇔ Z = 1 + Z∗, Z∗ ∼ Po (ν).

Po (λ, ν) : exp(λ(w exp(ν(w − 1)) − 1)) = exp(λw exp(νw − (1 + ν))),

φk := k!hk = kνk−1e−ν , λmBn,m((φk)) = λmνn−ke−kνBn,m((k)),

fn =
e−λνn

n!

n∑
k=1

(
n

k

)
(νk)n−k(λe−ν)k.

Bn,k((k)) =

(
n

k

)
kn−k, 0 ≤ k ≤ n, idempotent numbers

Compound Poisson: cumulants.

negative binomialNgBn (a, h), h = p/(1 − p), p: failure probability,

κr = a

r∑
k=1

{
r
k

}
(k − 1)!hk.

Neyman type ANeyA (λ, ν),

κr = λ

r∑
k=1

{
r
k

}
νk.

ThomasThomas (λ, ν),

κr = λ

r∑
k=1

{
r
k

}
(ν + k)k−1.
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Some Bell polynomials.

Bn,k((k − 1)!) =

[
n
k

]
, unsigned Stirling numberof the first kind,

Bn,k((1
k)) =

{
n
k

}
, Stirling numberof the second kind,

Bn,k((k)) =

(
n

k

)
kn−k, idempotent number,

Bn,k((k!)) =

(
n − 1

k − 1

)
n!

k!
, Lah number,

Bn,k((n)k−1)) =
∑

0≤k≤m≤n

[
n

m

]{
m

k

}
(−1)n−mnm,

Bn,k((r| − 1)k−1)) =
∑

0≤k≤m≤n

[
n

m

]{
m

k

}
rm.

6 Typical compounded distributions

Compounded Engen distributions.

negative binomial NgBn (p, a), 0 < p < 1, 0 < a, p : failure proba-
bility.
zero-truncated TNgBn (p, a), 0 < p < 1, 0 < a,
extended zero-truncated TNgBn (p, a),−1 ≤ p < 0, 0 < a

1

1 − (1 − p)a

((
1 − p

1 − pw

)a

− (1 − p)a

)
=

(1 − pw)−a − 1

(1 − p)−a − 1
.

7 Moments and cumulants

Moments and cumulants. ex-log relation.

moments around the origin(raw moments) (αr)
∞
r=1

cumulans (κr)
∞
r=1 m.g.f. and c.g.f.

α(t) = 1 +
∞∑

r=1

αrt
r/r!, κ(t) =

∞∑
r=1

κrt
r/r!, κ(t) = ln(α(t))

α(t) = exp(κ(t)) is a total Bell polynomial,

αn =
n∑

k=1

Bn,k(κ) = Yn(κ), n ∈ N.
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Conversely, since κ(t) = log α(t) = log(1+(α(t)−1)) is a logarithmic
type Bell polynomial,

κn =

n∑
k=1

(−1)k−1(k − 1)!Bn,k(α) = Ln(α), n ∈ N.

This relationship holds between factorial moments and factorial cu-
mulants (f.m.g.f. and f.c.g.f.)

Cumulants of compoud distributions.

X = Z1 + · · ·+ ZY Gf(w) = Gg(Gh(w)),

Among cumulants κf,r, κg,r, and κh,r.

κf,r =

r∑
k=1

κg,kBn,k(κh), κh = (κh,1, κh,2, . . . ). (1)

This relationship holds among factorial cumulants κf [r], κg[r], and
κh[r].

8 Generalized Stirling numbers

Generalized Stirling numbers. Definition.

(Hsu and Shiue, 1998) Generalized Stirling numbers Sn,m for vari-
ables α, β, r:

(t − r|α)n ≡
n∑

k=0

Sn,k(α, β, r) (t|β)k, (t|β)k =
∏

k≥j≥1

(t − (j − 1)β).

Sn,m(α, β, r) the first kind Sn,k(β, α,−r) the second kind

Sn+1,k(α, β, r) = (kβ − nα − r) Sn,k(α, β, r) + Sn,k−1(α, β, r),

0 ≤ k ≤ n + 1; S0,0(α, β, r) = 1;

Sn,k(α, β, r) = 0, unless k ∈ {0, 1, . . . , n}.
Generalized Stirling numbers. An explicit expression.

Sn,k(α, β, r) =
∑

0≤k≤l≤m≤n

[
n
m

] (
m

l

) {
l
k

}
(−α)n−m(−r)m−lβl−k.

=

([
n
m

]
(−α)n−m

)
·
((

m

l

)
(−r)m−l

)
·
({

l
k

}
βl−k

)
.
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Generalized Stirling numbers and Bell polynomials.

Proposition Generalized Stirling numbers form a specific subgroup
of Bell polynomials.

Table 1: p.g.f. generating Sn,m(α, β, 0) = Sn,m(β, α, 0) by Compound Poisson

φ(t) φk, k ∈ N (α, β) p.g.f. φ(θt)/φ(θ)

et − 1, 1, (1, 0), TPo (θ), 0 < θ, θ = 1.
− log(1 − t), (k − 1)!, (−1, 0), LgSer (θ), 0 < θ < 1, θ = 1.
(1 + t)m − 1, (m)k,m ∈ N, β/α = m, TBn (m, θ/(1 − θ), 0 < θ, θ = 1/2.
(1 − t)−r − 1 (r| − 1)k, 0 < r, β/α = −r, α < 0 < β TNgBn (r, θ), 0 < θ < 1,
1 − (1 − t)r , −(−r| − 1)k, 0 < r < 1 β/α = r, 0 < β < α, ETNgBn (r, θ), 0 < θ < 1; θ = 1, Sby (r)

9 Lagrangian probability distributions

Lagrangian probability distributions.

Compound Poisson distributions: “stopped sum”,
instance of Y(t), Poisson process, (pure birth processes)
Lagrangian probability distributions: size of nodes
at the distinction time of a branching process (birth and death pro-
cesses)
Number of nodes at the n-th generation: Yn, Gn(w)
Number of branches at each node: Z with p.g.f. GZ(w), GZ(0) >
0, i.i.d.
? p.g.f. R(w) of X =

∑∞
n=0 Yn,

E(Z) < 1 ⇐⇒ X: proper distribution and E(X) < ∞.
If P{Y0 = 1} = 1,

R(w) = wGZ(R(w)) ⇔ R(w) = (w/GZ(w))←

X − 1 ∼ L(GZ)(w) := w−1R(w) = w−1(w/GZ(w))←.

Further if Y0 is random with p.g.f. GY (w), p.g.f. of X:

L(GZ ; GY )(w) = GY (R(w)) = GY ((w/GZ(w))←).

Bell polynomial of the inverse of p.g.f.

Let a p.g.f. and its inverse be denoted by

φ̆(w) :=
∞∑

k=1

φkw
k, φ0 = 0, φ1 �= 0,

(φ̆−1 ◦ φ̆)(t) = (φ̆ ◦ φ̆−1)(t) = w.
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Then,

[tn]{Go(t; φ̆
−1)k} =

k

n
[tn−k]

{(
φ̆(t)

t

)−n}
.

If k = 1, using δ11 = 1, δk1 = 0, k > 1,

[tn]{Go(t; φ̆
−1)} =

n−1∑
k=1

(−1)kφ−n−k
1 Bn+k−1,k(((1 − δk1)φk)).

Future works.

• comparison between compound distributions

• asymptotic theory

• “discrete stable distributions”

• semi parametric models

• software development

• other stocastic mechanisms

• extensions to multivariate distributions, and to multiple com-
position
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Table 2: Kerov’s argument, X = Y
∨

Z.

Z Y p2 specification X Kolchin model

ETNgBn(p1,−r1), NgBn(p2, r2), r2 > 0 p2 = 1 − (1 − p1)
−r1 NgBn(p1, r1r2) 0 < α < 1, θ > 0

r1 > 0, TNgBn(p2, r2), r2 > 0, - do - TNgBn(p1, r1r2) 0 < α < 1, θ > 0
ETNgBn(p2,−r2), - do - ETNgBn(p1, 0 < α < 1,
r2 > 0, −r1r2) −α < θ < 0
LgSer(p2) p2 = p1, ∀r1 > 0, LgSer(p1) 0 < α < 1, θ = 0

Sby(r1), r1 > 0 Sby(r2), r2 > 0, no specification Sby(r1r2) α = 1,−α < θ < 0
LgSer(p) Po(λ) λ = −r log(1 − p) NgBn(p, r) α = 0, θ > 0

TPo(λ) Bn(m2, p2) p2 = 1 − e−λ Po(λm2) occupancy

TNgBn(p1,−r1) Bn(m2, p2) p2 = 1 − (1 − p1)
−r1 NgBn(m2, p1) θ/α = −1,−2, . . .

TBn(p1,m1) Bn(m2, p2) p2 = 1 − (1 − p1)
m1 Bn(m1m2, p1) MvHg

Table 3: Partitions, Bell monomials, Stirling numbers of the 2nd kind, and Bell
numbers.

n k s1 s2 s3 s4 s5 monomials Bn,k(φ)
{
n
k

}
Bn

1 1 1 1 φ1 φ1 1 1
2 1 0 1 1 φ2 φ2 1

2 2 0 1 φ2
1 φ2

1 1 2
3 1 0 0 1 1 φ3 φ3 1

2 1 1 0 3 φ1φ2 3φ1φ2 3
3 3 0 0 1 φ3

1 φ3
1 1 5

4 1 0 0 0 1 1 φ4 φ4 1
2 1 0 1 0 4 φ1φ3

2 0 2 0 0 3 φ2
2 4φ1φ3 + 3φ2

2 7
3 2 1 0 0 6 φ2

1φ2 6φ2
1φ2 6

4 4 0 0 0 1 φ4
1 φ4

1 1 15
5 1 0 0 0 0 1 1 φ5 φ5 1

2 1 0 0 1 0 5 φ1φ4

2 0 1 1 0 0 10 φ2φ3 5φ1φ4 + 10φ2φ3 15
3 2 0 1 0 0 10 φ2

1φ3

3 1 2 0 0 0 15 φ1φ
2
2 10φ2

1φ3 + 15φ1φ
2
2 25

4 3 1 0 0 0 10 φ3
1φ2 10φ3

1φ2 10
5 5 0 0 0 0 1 φ5

1 φ5
1 1 52
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