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Financial Smiles
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A smile is a curve that sets everything
straight

Ilcon Meaning
:-) classic smile with nose
. . | classic frown with nose (Unicode: @)

U ') classic smile without nose

:( classic frown without nose


http://en.wikipedia.org/wiki/File:Smiley.svg

Option Price

c(t,x)=¢ ™" jljg(x) (e” —x) f,(y)dy : Call Option Price

t: Timeof Execution(Maturity)

X . Execution Price

f.: Distributionof log (S, /S,)
S, : Underlying Asset Price



Black-Scholes

Assumption
dS, =rS, dt+o S, dB, ( log normal process)

et =e"[ (€ -x)f(y)dy

- =S, O(-1—ot)—xe " d(-1),

. log(x/S,)—(r—o°/2)t

ot



Implied Volatility

c(t,x) =S, d(—4 —a\/f) —xe" ®(-A1) : Black Scholes Formula
_log(x/S,)—(r—oc°/2)t

ot

A

c(t, X): OptionPriceat t =0

== o, (t,X): Implied Volatility




Smile or not Smile

Assumption o (t X) .
=) - u—
dS, =rS, dt+o S, dB, ( log normal process) Ip \ ™!
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What is wrong

Assumption
dS, =rS, dt+o S, dB, ( log normal process)

e 10g(S,/S,)~ N((r-c’/2)t, o°t)

== f : Normal density



The distribution?
c(t)=e"[ (€= f(y)dy

— aic(t, x)=—e " (1-F(logx)) forx>0
X

2

0 |
— yC(t,X):—e ;ft(logx) forx >0




Estimation of the distribution

2

a—zc(t, X)=—€" 1 f.(logx) for x>0
OX X

C(t, X) = S, @(-A -0, (t, X)V1) — xe ™" D(-1),

log(x/ Sy)—(r—o;, (t,X)° / 2t
A=
o, (t, X)Wt

!

o, (LX) = T,




Some Attempts

e Shimko(1993), RISK 6, 33-37

— quadratic model for implied volatility

 Brunner and Hafner (2003), J. Compt. Finance
— mixture of log normals for the distribution

2

a—zc(t, X)=e™" 1 f (log x) forx>0
OX X

c(t, X) = Sy ®(-A -0, (8, X)VE) —xe ™" (- 1)
1

Assumption
dS, =rS, dt+o S, dB, ( log normal process)




Local Volatility Model

ds, =rS, dt+o(t,S,)S, dB
E(t, x) =e"c(t, x)

o

2 6(t, x) = 2(02 (t, x) f, (log X))

ot
l %C(t,x)z % f.(logx) forx>0
Zaé(t, X)
o’(t,X) = . . Dupire(1994)
x* —€(t,X)

OX



Estimation of local volatility

Assumption
dS, =r S, dt+o(t,S,)S, dB,
E(t, x) =e"c(t, x)

%xt, X) = g(az (t, X) f, (log X))

Nicolas Rousseanu (2007)

log(S, /) —pu(t) ¢ 10g(S,/S) - p@®) ,_ 4
s(t) s(1) |

Gram—Charlier Expansionof f,

Scaling Assumption :

log(S, / Sy) - (1)
s(t)

%é(t,x), w(t), s(t), Cummulants of =0 (t,x)



o, (t, ) : Smile Surface

0
= —C(f, X
at( )

= o (t,X): Local Volatility

%ca, X) =§(02(t, X) f,(log x)) >0 ?

0% . 1
—C(t,x)=—f,(logx) >0 ?
OX X




Our results

0 1 0
A) —logo. (t,X)>—— < —CE({t,x)>0
(A) p» go,(t, X) o p (t, x)

2

(B) 1+ x(ilog o, (L, x)j(iaé (t,x) —log(x/ So)j >0 = a—zé(t, X)>0
OX 2 OX

0
1+2t—logo. (t, X
p- go,(t,x)

(A), (B) = o*(t,x)=0,(t.X) . :
1+ x(&log oy, (L, X)j(i aii (t,x)—log(x/ So)j



An example

o, (t,x) = at*e”™

1
§>——<=(A)
2
, 1 1
a > bt s, [bSO +l] = (B)
& Abxy2
Jz(t,X): b (Z?Ele ) (2§+1)
1420 (ae™)? —bxlogi
SO
#(A) {1+ bx[; (ate™)? —log ij}
ft (log x) = -

até/te™



A smile is a curve which invites us to
a fascinating world.

Von Voyage!
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