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@ It seems natural to combine MCMC and SMC.

e We know how to use MCMC within SMC (Gilks & Berzuini, JRSS B,
2001).

@ We show here how to use SMC within MCMC in a simple and
principled way.




Basics of Markov chain Monte Carlo

@ Assume you want to sample from an high dimensional probability
density 77 (z) where z € Z.




Basics of Markov chain Monte Carlo

@ Assume you want to sample from an high dimensional probability
density 77 (z) where z € Z.

@ Markov chain Monte Carlo (MCMC) basic idea: Build a Markov chain
{Z (i)};>; such that

[—00

LEZ0) 7 72 nd [ Yo Z0) = [o(@) (e




Basics of Markov chain Monte Carlo

@ Assume you want to sample from an high dimensional probability
density 77 (z) where z € Z.

@ Markov chain Monte Carlo (MCMC) basic idea: Build a Markov chain
{Z (i)};>; such that

LEZ0) 7 72 nd [ Yo Z0) = [o(@) (e

[—00

@ Most famous MCMC method: the Metropolis-Hastings algorithm.
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Metropolis-Hastings Algorithm

@ Introduce a proposal density proposing a candidate z* when the chain
isinz:q(z%z).
o If g(z*|z) = q(z*), this is an independent proposal.
At iteration i; i > 1
e Sample Z* ~ q (| Z (i —1)).
o With probability

n(Z7) q(Z(i=1[Z")

M Zi-10) (2|20 - 1)

set Z (i) = Z* otherwise set Z (i) = Z (i —1).
@ The Metropolis-Hastings works ‘theoretically’ under very weak
assumptions. In practice the choice of g (z*| z) is absolutely crucial.
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General State-Space Models

o Let {Xk}k21 be a X' —valued Markov process defined by
Xl ~ ‘1,[ (-) and Xk‘ (Xk—l = Xk—l) ~ f(.’xk_l) .

@ We only have access to a process { Yy}, such that, conditional
upon { X },~, the observations are statistically independent and

Yiel (X = xx) ~ & ([ ) -
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@ In this Bayesian framework, inference relies on the posterior density

P <X1:Tv)/1:T)

p(xu:T|y1T) = p (yi:1)

where

T T
p(xuT,yu.1) = 1 (x1 H (xk| xk—1 Hg()/k|Xk

~~

prior likelihood

@ Except for a few models including finite state-space HMM and linear
Gaussian models (Kalman), this posterior density does not admit a
standard form.
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@ Very simple but very inefficient.
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e For good performance, we need to select q (x1.7) ~ p (x1.7| y1.7) but
for highly nonlinear non-Gaussian models it is essentially impossible as
soon as T is large.
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@ Standard practice consists of building an MCMC kernel updating each
component Xj individually: this typically leads to slow mixing
algorithms.

e Many complex models (e.g. some Lévy-driven volatility models) are
such that it is only possible to sample from the prior but impossible to
evaluate it pointwise: how could you use MCMC for such models?
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e To sample from p (x1.7| y1.7), SMC proceeds sequentially by first

approximating p (x1|y1) at time 1 then p (xi2|y1:2) at time 2 and so
on.

@ SMC methods approximate the distributions of interest via a cloud of

N particles which are propagated using Importance Sampling and
Resampling steps.
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Vanilla SMC - The Bootstrap Filter

At time 1
e Sample Xl(i) ~ pu (-) and compute Wl(i) xg <y1] Xl(i)) ,
le'vzl W1(i) =1
o Resample N times from B (x1]y1) = ¥N, Wl(i)éxl(,-) (x1).

At time k, k > 1

@ Sample X,Ei) ~ f <| Xk(i_)l), set Xl(:iz = <X1(:i/z—1vX/Ei)> and compute
W ok (1x0) 5w 1

@ Resample N times from p (x1:4| y1:4) = ,N:l Wk(i)(sxm (X1:4)-
1:k
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interest

N .
p(xrlyir) =), Wﬁ')éxl(,-; (x1:7)
i=1 :

and an approximation of p (y1.7) is given by

T

T N _
p (1) = H YkIY1:k—1)=H(,t/Z g(yk]Xk(')>>_
i-1

k=2 k=1

@ These approximations are asymptotically (i.e. N — o0) consistent
under very weak assumptions.
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Some Theoretical Results

e Under mixing assumptions (Del Moral, 2004), we have

;
£ (Xer€)=p(-IyT)l < Cx

where Xi.7 ~ b (| y1.7)-
e Under mixing assumptions (Del Moral & D., 2004) we also have
\% [ﬁ (yl:T)] I

< D—.
p>(yi.t) — N

@ Loosely speaking, the performance of SMC only degrade linearly with
time instead of exponentially for naive approaches.
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Combining MCMC and SMC

@ ‘ldea’: Use the output of our SMC algorithm to define ‘good’
high-dimensional proposal distributions for MCMC.

e Problem: Consider Xi.7 ~ p (| y1.7) then the unconditional
distribution is
q(x.7) =E (P (x.7| y1:7))
which does not admit an analytic expression and so we cannot use

directly the MH algorithm to correct for the discrepancy between the
proposal and the target.

@ Hence the need for a new methodology....
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Particle MH Sampler

At iteration 1
@ Run an SMC algorithm to obtain () (x1.7| y1.7) and BV (y1.7).
o Sample Xi.7 (1) ~ ) (-] y1.7).

At iteration i; | > 2

@ Run an SMC algorithm to obtain p* (x1.7| y1.7) and p* (y1.7).
e Sample X{'7 ~ p* (| y1.7) -

o With probability

ﬁ* (_yl:T)

1IN —r—
U= (y1.7)

set Xp.7 (i) = X7 and pU) (y1.7) = P* (1. T) otherwise set
Xl:T( ) -

Xi.7 (i—1) and p()( ):ﬁ(" )(Y1:T)-
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{1,... N} x XV x {1,..., N}(T-UN+1 \ith a target density

ﬁ(k,le ,...,X%—N,Illw ..... /%Nl)
which adm|ts a condltlonal distribution for
XfT—(X X ..... XTT 1 XK equal to p (x1.7| y1.7)-
{llK, I2 - T—1} corresponds to the ancestral lineage of the path

XK
@ Proposition. For any N > 1 we have

I1£ (Xt (i) €)= p(-[yr7)| = 0asi— co.
In addition, if sup |g (y|x)| < C, there exists p € [0, 1) such that for
XV.y
any i >1land N > 1,
I£(Xur () € ) —pClyr)| <o
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Structure of the Artificial Extended Target Distribution

@ How to sample from
b (k,xll:N, oy XEN LN Ml)
@ Sample (llK I2K, l7’f_1, K) from a uniform distribution on

{1, .. N}
L

K K
@ Sample X{fT = (Xll1 ,lez ,...,XT_l,Xﬁ) from p (x1.7|y1.7). (We
do not know how to do this, this is why we use MH).

@ Run a conditional SMC algorithm compatible with XX+ and its

ancestral lineage (/1K I, .., I#_l, K).
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At time 1
o For i # I, sample X{” ~ u () and compute W, o< g (1] x{").
,,'V:1 Wl(i) =1L
e Sample Ny ~ BT (N, WI(IIK)> and assign N; — 1 additional offspring

I

to X1< )
@ Resample N — Nj times from p (x1|y1) = ZI/_V:l i Wl(i)(sx(") (x1)
! 1

where Wl(i) I Wl(i)
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At timen, n > 1

e For i # I , sample X ( \ (I 1>, set X1() = <X1(:irz—1'X’$i))

n

and compute W\ « g (y,,\ X\ ) YN owi =1,
. (1%) . g .
@ Sample Ny ~ B N, W, and assign N; — 1 additional offspring

to X</K)
@ Resample N — N; times from b (xy.4| y1:k) = ZI LitIK W( )5 (xl)
where W,gi) x W,Si).

AD. () 18 / 36
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Waste Recycling

o The ‘standard’ estimate of [f (x1.7) p (x1:7| y1:7) dx1.7 for L MCMC

iterations is
L
Z (X1 (
l:l

1

@ We generate N particles at each iteration i of the MCMC algorithm
to decide whether to accept or reject one single candidate. This
seems terribly wasteful.

@ It is possible to use all the particles by considering the estimate

L N
Y (kz Wik (i) £(x%) <f>>> .

=1

~

@ We can even recycle the populations of particles rejected.
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Nonlinear State-Space Model

@ Consider the following model

Xy = X +257+8cosl2k+v
k k—1 "‘X/gl Kk
X2
Yo = k4w
k 20+ k

where Vk ~ N (0,0’3) , Wk ~ N (O,CT%V) and X1 ~ N (0,52) .
e We first compare PMCMC to CBMC (Frenkel et al., 1992) for
02 =10 and 02, = 0.5 in terms of acceptance rate of the proposal for

various N and T. Note that PMCMC is marginally more expensive to
implement.




0.3 0.8
0.25 0.6
0.2

0.4
0.15
01 0.2
0.05 0

5 50
State Space Size State Space Size

Acceptance probabilities for PMH (left) and CBMC (right) as a function
of T and N. Each point was computed using 250,000 runs.
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@ In numerous scenarios, i (x), f (x’| x) and g (y|x) are not known
exactly but depend on an unknown parameter 6 and we note 1, (x),

fo (x'| x) and gy (y| x).
@ We set a prior p (6) on 6 and we are interested in

p (Xl:Tvy1:T| 9) p (9)
P (_yl:T)

p(0,x.7|y1.7) =

@ Many SMC methods have been proposed to estimate
p (0, x1.7| y1.7) : they all suffer from severe drawbacks.
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Marginal Metropolis-Hastings Algorithm

e To sample from p (6, x1.7|y1.7), an efficient MCMC strategy would
consist of using the following so-called marginal MH algorithm which
uses

g ((q.7.0%)| (a7, 0)) 2= q (67[0) p (.7 | y1:7.07)

p(0% x.7lyur) g ((xuT.0)| (7. 67))

p (0. xu.7|y1.T) q ((X1*;Tv9*)’ (XltTrG))
p (07| y1.T) q(0]67)
p(0ly1.7) q(07]0)

1A p(yu7|07)p(07) q(0]67)

p(yur|0)p(8) q(07|0)
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o Problem: We do not know p (y1.7|0) = [ p(x1.7, y1.7]0) dx1.7
analytically and we do not know how to sample from p (x1.7|y1.7,0) .
e “Idea”: Use SMC approximations of p (y1.7|0) and p (x1.7| y1.7.0).




“Ideal” Marginal MH Sampler

At iteration 1
e Setf(1).

At iteration i; | > 2




“Ideal” Marginal MH Sampler

At iteration 1

e Setf(1).

e Sample X1.7 (1) ~ p (| y1.7.0(1)).
At iteration i; | > 2




“Ideal” Marginal MH Sampler

At iteration 1

e Setf(1).

e Sample X1.7 (1) ~ p (| y1.7.0(1)).
At iteration i; | > 2

e Sample 0" ~ g (-|0(i—1)).




“Ideal” Marginal MH Sampler

At iteration 1

e Setf(1).

e Sample X1.7 (1) ~ p (| y1.7.0(1)).
At iteration i; | > 2

e Sample 0" ~ g (-|0(i—1)).
e Sample X} 7 ~ p(+| y1.7.6").




“Ideal” Marginal MH Sampler

At iteration 1

e Setf(1).

e Sample X1.7 (1) ~ p (| y1.7.0(1)).
At iteration i; | > 2

e Sample 0" ~ g (-|0(i—1)).

e Sample X} 7 ~ p(+| y1.7.6").

@ With probability

p(y767) p(67) q(0(i—1)|0")

1A

p(yur|0(i=1))p(6(i—1))q(676(i—1))

set 0 (/) = 0", Xi.7 (i) = X{.1 otherwise set 6 (i) =6 (i — 1),
Xt (1) =Xper (I—1).
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Particle Marginal MH Sampler

At iteration 1

@ Set 6 (1) and run an SMC algorithm to obtain p (x1.7| y1.7,6 (1))
and p(y..7]6(1)).
e Sample X1.7 (1) ~p (| y1.7.0(1)).
At iteration i; | > 2

e Sample 6" ~ q(-]6 (i — 1)) and run an SMC algorithm to obtain
P (x1.7|y1:7,0%) and p (y1.7]0%).

o Sample X' 7 ~ Db (| y1.7.6").

o With probability

L Blarl@)p(e)  a(e(i-1)|6)

Pyr[0(i=1))p(6(i—1))q(070(i—1))

set 0 (i) = 6", X1.7 (i) = X{1 otherwise set 6§ (i) =0 (i — 1),
Xt (1) =X (i —1).
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@ Proposition. Assume the “ideal” MH sampler of target density
p (6, x1.7| y1.7) and proposal density q (6%|0) p (x{.7|y1.7.6) is
irreducible and aperiodic then for any N > 1 the PMMH sampler
generates a sequence {6 (i), X1.7 (i)} such that

L0 (), X7 (i) €)= p(|y17)[| = 0asi—oo.

e Proposition. Let U/ = {6 : VM >0, g9 ({p (y1.7|6) > M}) > 0}. If
p(U|y1.1) > 0 then the MCMC kernel cannot be geometrically
ergodic.

@ Proposition. If the ‘ideal’ MH kernel is uniformly ergodic and
sup |gs (y| x)| < C then the MCMC kernel is uniformly ergodic.
x,y.0
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@ The Lotka-Volterra model describes the evolution of two species Z}
(prey) and Z? (predator) which are non-negative integer-valued
processes.

@ In a small time interval (t, t+ dt], there are three possible transitions
for the Markov jump process Z; = (Z,_L1 Zz)

Pr(Ztl+dt:zt1+1 ZHdt—zt!zt,zt)—/xztdt+o(dt)
Pr(Zlge =2t — 122 4 = 2zt + 1] 2}, 2}) = Bz} z}dt + o (dt),
Pr(Zige =2t Z2 g =2zt — 1|2}, 2}) = vz} dt + o (dt),

corresponding respectively to prey reproduction, predator reproduction
and predator death.

@ We assume we observe the process in some noise at some discrete
times nA

Yo = Zon + W, W, "= N (0,07)
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PMCMC for Bayesian inference in Lokta-Volterra model

@ We are interested here in making inference about the parameters
6 = (a, B, y) where

a~G(ab), p~G(ab), 7~G(ab).

e (Wilkinson, 2006; Boys et al., 2008) develop sophisticated MCMC
algorithms to fit this model

@ We use PMCMC with an off-the-shelve particle filter.
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A Block Gibbs Sampler

e To sample from p (6, x1.7| y1.7), an alternative MCMC strategy
consists of using the following block Gibbs sampler.

o At iteration i
Sample Xi.7 (i) ~ p (| y1.7,0 (i — 1)).
Sample 0 (I) ~ p("yl:T:XI:T <I)) .

e Problems: We do not know how to sample from p (x.7| y1.7,6) so
we typically use instead an MH one-at-a time algorithm.
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Particle Gibbs Sampler

At iteration 1

@ Set 6 (1) and Xi.7 (1), /(1) randomly where / (1) is the ancestral
lineage of X1.7 (1).

At iteration i; [ > 2

o Sample 0 (i) ~ p (:|yr.T, Xo.7 (i — 1)).

@ Run a conditional SMC algorithm for 6 (i) consistent with
Xt (i—=1),1(i—1).

e Sample X1.7 (/) ~ P (-|y1.7,0 (i) from the resulting approximation
and denote / (i) its ancestral lineage.




@ Proposition. Assume that the ‘ideal’ Gibbs sampler is irreducible and
aperiodic then for any N > 2 the particle Gibbs sampler generates a
sequence {6 (i), Xi.7 (i)} such that

1£((0 (i), X7 (i) € ) = p(+|yr:7)|| = 0 as i — co.
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@ We now consider the case where 0 = ((73, aﬁ,) is unknown and
random with vague inverse-Gamma priors.

@ We compare the Particle Gibbs sampler to an MH one-at-a time using
the same proposal distribution.

@ We update N times the latent process in the MH one-at-a time before
sampling 6 to perform a reasonably fair comparison with PMCMC.

@ In this example, the MH one-at-a time does not provide reliable
results and is very sensitive to initialization.

AD. () 32 /36
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Extensions

@ This methodology is by no means limited to state-space models and
in particular there is no need for any Markovian assumption.

@ Wherever SMC have been used, PMCMC can be used: self-avoiding
random walks, contingency tables, mixture models etc.

@ Sophisticated SMC algorithms can also be used including ‘clever’
importance distributions and resampling schemes.
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proposals based only on low dimensional proposals.




Discussion

@ PMCMC methods allow us to design ‘good’ high dimensional
proposals based only on low dimensional proposals.

@ PMCMOC allow us to perform Bayesian inference for dynamic models
for which only forward simulation is possible.




